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Abstract—Buoyancy-driven fluid flow and heat transfer about a vertical flat plate embedded in a porous
medium are analyzed in depth for two general cases. These are the constant wall temperature case and the
constant wall heat flux case. By an order of magnitude analysis it is shown that there are two governing
dimensionless parameters which are related to the thermal and viscous effects. These are Rag '/? and Da}?
for the constant wall temperature case and Ra} ' and Da;/? for the constant wall heat flux case. For
each case, two important categories are considered. For the constant wall temperature case these categories
are shown to be physically related to either Da}/? « Raf ? (Da}/* « Ra}~"" for the constant wall heat
flux) or Da}’* » Ra; ''* (Da}’* » Ra¥~"* for the constant wall heat flux). The governing equations are
solved analytically using the method of matched asymptotic expansions along with the modified Oseen
method. The numerical solution of the governing equations based on the similarity transformations is also
obtained. It is found that the rate of heat transfer depends on the modified Rayleigh number for
Da)’* « Ra; '"? (or Da}/* « Ra¥~"*) while the Nusselt number depends on the product of the Rayleigh
number and the porosity for Da}/? » Rag /? (or Da}/* > Ra}~"?). The heat transfer characteristics for the
latter are shown to be independent of the permeability of the porous medium and approaching those of
the regular fluid with a high Prandtl number. A complete physical description of the problem is presented
throughout the analysis.

1. INTRODUCTION

THE MAJORITY of existing studies on convective heat
transfer in porous media are based on the Darcy flow
model. Darcy’s law, however, is found to be in-
adequate for the formulation of fluid flow and heat
transfer problems in porous media when there is a
solid boundary and the Reynolds number based on
the pore size is greater than unity. Therefore, it is
necessary to incorporate the boundary and inertia
terms into the momentum equation. These effects have
been studied for forced convection [1-5] as well as for
natural convection [6-9] in porous media.

The problem of natural convection about a heated
impermeable surface embedded in fluid-saturated
porous media was studied by Cheng and Minkowycz
[10]. They obtained similarity solutions which were
based on Darcy’s law and boundary layer approxi-
mations. To extend the range of applicability of the
boundary layer analysis to relatively lower modified
Rayleigh numbers, Cheng and Hsu [11}, and Joshi
and Gebhart [12] examined higher order effects such
as the entrainment from the edge of the boundary
layer, the axial heat conduction, and the normal pres-
sure gradient using the method of matched asymptotic
expansions. A number of recent studies have con-
sidered the various non-Darcian effects on the same
problem. Bejan and Poulikakos [7], and Plumb and
Huenefeld [13] used Forschheimer’s equation to
account for inertia effects and obtained similarity
solutions based on boundary layer approximations.
Hsu and Cheng [8] and Evans and Plumb [14] studied

the boundary effect on heat transfer and fluid flow
based on Brinkman’s equation. Hong et al. [9]
included both the boundary and inertia effects as well
as the convective term in the momentum equation.
Also Kaviany and Mittal [15] studied natural con-
vection from a vertical plate experimentally and
reported Karman-Pohthausen solutions for a high
permeability porous medium. These investigators
have shown that both the boundary and inertia effects
decrease the heat transfer rate.

In this paper natural convection about a vertical flat
plate in a fluid-saturated porous medium is considered
based on the Brinkman-extended Darcy flow model.
It should be noted that for this problem the power-
law wall temperature variation no longer represents
the case of the constant wall heat flux when either the
higher order effects or the boundary effects are taken
into account as pointed out in refs. [12, 16], respec-
tively. Hence the case of the constant temperature and
the case of constant heat flux are treated separately.
Also it was shown in ref. [8] that there are two govern-
ing dimensionless parameters associated with this
problem. These are e; and ey where er = Rag '/ and
&y = Da}/* with Ra, and Da; as the modified Rayleigh
number and the Darcy number, respectively. The
thickness of the viscous boundary layer is of the order
of &y and that of the thermal boundary layer is of the
order of er. Hence, depending on the thickness ratio
of the viscous boundary layer to that of the thermal
boundary layer there exists two categories. One is
when &; > &y and the other is when &y, > &;. The former
category was numerically studied in ref. [8], while the
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a; Darcy number based on L, (1/L*)(K/$)
a, local Darcy number, (1/x%)(K/8)
gravitational acceleration

permeability of the porous medium

. effective thermal conductivity of the
saturated porous medium

oo

e

L reference dimensional length

Nu, local Nusselt number

y/ pressure

Ra, modified Rayleigh number based on L,
KgBL(T, — T.)/vset.

Ra} modified Rayleigh number based on heat
flux, KgBLq/k.ve.

Ra, local modified Rayleigh number,
Kgﬁx(Tw— Tco)/vfae

Ra¥ local modified Rayleigh number based on

heat flux, KgBx2q/k v,
T dimensional temperature
u dimensionless velocity in the x-direction
v dimensionless velocity in the y-direction
x dimensional coordinate along the plate
y dimensional coordinate perpendicular to

the plate

Y dimensionless coordinate in the outer
layer, y

b4 dimensionless coordinate in the inner
layer, y.

NOMENCLATURE

Greek symbols
%, effective thermal diffusivity
B thermal expansion coefficient of fluid
I's perturbation parameter for Case TI

perturbation parameter for Case HI
) porosity of the porous medium

Ar perturbation parameter for Case TII

Ay perturbation parameter for Case HII

M2  similarity variable for Cases TI, TII

{,,  similarity variable for Cases HI, HII

¢ dimensionless temperature

(0] dimensionless temperature in the outer
layer

c) dimensioniess temperature in the inner
layer

Up fluid viscosity

v kinematic viscosity

v dimensionless stream function

b4 dimensionless stream function in the
outer layer

¥ dimensionless stream function in the
inner layer.

Subscripts
C composite solution
H constant wall heat flux case
T constant wall temperature case
w condition at the wall
o0 condition at infinity.

latter category has not received any attention so far
even though it can be the dominant situation for high
permeability porous media as well as near the leading
edge for moderate to low permeability porous media.
The objective of the present work is to study these
two categories both analytically and numerically. The
governing equations obtained by applying the method
of matched asymptotic expansions for each category
are solved both analytically using the modified Oseen
method and numerically using the similarity trans-
formation. As will be shown in the following sections,
comparisons of the results for different categories
reveal important characteristics related to the heat
transfer and fluid flow.

2. FORMULATION OF THE PROBLEM

The steady two-dimensional natural convection
about a semi-infinite vertical flat plate embedded in
a fluid-saturated porous medium is considered. The
schematics of the problem are shown in Fig. 1. It is
assumed that the fluid and the solid matrix are in local
thermodynamic equilibrium, and that the properties
of the fluid and the porous matrix are constant and
isotropic. Also inertia and thermal dispersion effects
are neglected.

2.1. Constant wall temperature case

The governing equations for uniform porosity
distribution, which are derived by using volume-
averaged principles, are given as [1-9]

du oo
54‘5:0 1)
u ov u ov 00
i = __ 1 {t=_ -7 P _
Da.V (ay ax) (ay ax) Ragy, @
06 06 2
ua—x+v—5}~)—V0 (3)

where the pressure terms are eliminated and x, y, u,
v, 0 are nondimensionalized as

X Yy
*_ ¥ 2
TED Y TL
Lu Ly T-T.
*x _ 77 * __ — ©
u P v w’ 0 T. T, 4)

and * is dropped for convenience. In the above equa-
tions the Darcy number and the modified Rayleigh
number are defined as
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Velocity
Profile

Tw

(a)
F1G. 1. Schematic of the physical model and coordinate system: (a) &r > &y ; (b) &r < &y.

1 X KgBL(T,—-T,
Da,_ = —23, RaL = % (5)
e’f
Introducing the stream function
oy oy
u= 59 v=— a (6)
yields
DaL (lllxxxx + zlllxxyy + ll’yyyy)
- (wxx + !/lyy) = - RaL Gy (7)
¥,0,—-y,0,=0,.+0,. ®

The appropriate boundary conditions for this case are
Y=y, =0-1=0 aty=0

¥, =6=0 aty— 0. 9)

In the thermal boundary layer (TBL hereafter) where
the heating effect of a vertical wall is felt, the heat
conducted from the wall into the fluid is carried
upwards by the convective movement of the fluid in
the steady state. Hence the energy equation, equation
(8), expressing a balance between convection and con-
duction gives

X

S

(10)

where dy denotes the thickness of the TBL. Turning
our attention to the momentum balance in the same
layer, we recognize the interaction between three
forces, in equation (7). The first term denotes the
boundary frictional force due to an impermeable
boundary, the second term denotes the bulk frictional
drag due to the porous medium, and the last term
denotes the buoyancy force. Note that the buoyancy
force is not negligible in the TBL since, without it,
there would be no flow. Then
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TBL VBL
Velocity
Profile
Tw [ -1/4
- O(Da11f4 Ra ™) T,
. opa?) x
/ -y
(b)
D Ra, — (11)
a;, 51 or 52 a; .
Combining equations (10) and (11) results in
x
Da, Ra;'~ orRap' = ~1. (12)
61- 5’1‘

From equation (12) it is clear that the TBL is ruled
either by a ‘boundary friction resistance ~ buoyancy
force’ balance or by a ‘bulk frictional drag~
buoyancy force’ balance, depending on the magni-
tude of Da)/?/6;. From refs. [1, 8] it was shown
that Da}'? is the order of magnitude of the viscous
boundary layer (VBL hereafter) where the effect of
boundary friction is felt. Hence to capture the physics
of the problem attention will be given to two cases;
one is when the thickness of the TBL is much larger
than that of the VBL (Fig. 1(a)) and the other is for
the reverse situation (Fig. 1(b)). The former will be
denoted as Case TI and the latter as Case TII.

2.1.1. Case TI. Ra; ''* » Da}’?. Guided by the order
of magnitude analysis it can be shown that in this case
the free convective boundary layer consists of two
regions where different phenomena are predominant.
First there exists an outer region where the buoyancy
term has to be of the same order of magnitude as the
bulk friction term. In this region the fluid is driven
upwards by buoyancy and restrained by bulk friction.
This means that outside this layer, where the fluid is
isothermal and the buoyancy effect is absent, the fluid
is motionless. The velocity profile must then be as
wide as the temperature profile, which is also the
case for the regular fluid with a low Prandtl number.
Second, there is an inner region where the boundary
friction is of the same order of magnitude as the bulk
friction as well as the buoyancy. Since the no-slip
condition still applies at the wall, this layer can be
considered as the region where the vertical velocity of
the fluid varies from zero at the wall to its maximum
value as shown in Fig. 1(a).
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(1) The outer problem. From the order of mag-
nitude analysis it can be shown that

Sp ~x"*Ra; "?,  ~ x"? Ra;"”.
Hence introducing the outer variables as
Y=Ra;/?y, Y=Ra;"*y, ©@=0

where Y, ¥ and © are of the order of 1, transforms
governing equations (7) and (8) into

Yy +ei¥..
=0y + T yryy + 263 cory + 61 yyyy)
¥,0,— V. 0y = Oy +670,,
subject to the boundary conditions
¥Y,=0=0 as¥Y - oc.

Also ¥ and ® must match with the inner solutions as
Y — 0. Here two parameters are defined as

&r = Ra; ''*, T = Da}’* Ra}'*. (13)

Since the thickness of the VBL which is O(Da}/?)
is much smaller than that of the TBL which is
O(Ra; %), T'y, the ratio of these two, can be chosen
as an expansion parameter. Expanding ¥ and © as

Y=Y+ ¥ + T3, + - (14a)
O=0,+I0,+TO,+ - (14b)
yields for the leading order
Wory = Oy 15
Oory = ¥or®o, ~ V0. @0y (16)
The boundary conditions are
Wor(x, 00) = @y(x, c0) = 0. (17a,b)

Also ¥ and ®, must match with the solutions for the
inner layer as ¥ — 0.
(2) The inner problem. From the order of mag-

nitude analysis
8y ~ Da}’?,  ~ Ra; Da}>.

It is noticed that the velocity scale in this layer is
dictated by the outer layer velocity scale in deter-
mining the order of magnitude for the stream
function. Introducing the inner variables as

Y=Da; "y, ¥ =Ra;'Da;"*y, O =9

where ¥, ¥ and © are of the order of 1 (note
Y=Y/, ¥ = ¥T,), transforms governing equa-
tions (7) and (8) into

FooteiWo = O+ Propr+ 260 opr + 60 W
Oyy+60,, = T2(¥:0,-¥.6y)
where
ey = Da}’? (18)
subject to the boundary conditions

P=%,=0-1=0 as¥->0.

Also ¥ and @ must match with the outer solution as
Y — c0. Expanding ¥ and ® as

=9 4T ¥ 4729, + - (19a)
O=0,+I10,+Ti0,+ - (19b)
yields for the leading order

Wors = Oop+Worser (20)
Oups = 0. 20

The boundary conditions are

Yo(x,0) = Pip(x,0) = Oy(x,00—1 = 0.

(22a—)

Also ¥, and ©, must match with the solution for the
outer layer as ¥ — .

2.1.2. Case TIL. Ra;'? « Da}/*. Similar to Case
TI, the free convection boundary layer for Case TII
consists of two regions where different physical
phenomena are predominant. First, there exists an
inner region where tangible temperature differences
with the ambient fluid exist. Only in this region are
there buoyancy effects. The boundary friction is of
the same order of magnitude as the buoyancy term.
Second, there is an outer region where no buoyancy
exists. The fluid in this region, however, is driven by
viscous interaction with the inner layer as for the
regular medium with a high Prandtl number. The
bulk friction is of the same order of magnitude as the
boundary friction.

(1) The inner problem. Based on the order of mag-
nitude analysis

8r ~ x4 Ra; V* Da}*,  ~ x** Ral/* Da; V/*.
Hence introducing the inner variables as
¥ =Ra/*Da;V*y, W =Ra;"“Da)*y, ©=0

where 7, ¥ and @ are of the order of 1, transforms
governing equations (7) and (8) as
Op+¥rpp9 + 207V err + 11V e
= A (¥pp+1i¥.)
Y50, -0 = Oy +110,,
subject to the boundary conditions
P=9,=0-1=0 at¥=0.

Also ¥ and ® must match with the outer solution as
Y — co. Here two parameters are defined as

nr = Da}* Ra; "*, A; = Daj"*Ra;'*. (23)

Since the thickness of the TBL which is O(Da}/*
Ra; '*) is much smaller than that of the VBL which
is O(Da}'?), Ay, the ratio of these two can be chosen
as an expansion parameter (note ;< Ap). Now
expanding ¥ and © as in equations (19) with a per-
turbation parameter Ar yields for the leading order

Oos+Worprs =0 (24)
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@09? = q’o?®0x _“POx(;jOY‘ (25)

The boundary conditions are
Po(x,0) = Pos(x,0) = Og(x,0)—1 = 0. (26a—)

Also ¥ and ©, must match with the solutions for the
outer layer as ¥ — oo.
(2) The outer problem. From the order of magni-

tude analysis
8y ~ Da}’*, ¥ ~ x'* Ra}’.

It is noticed that the velocity scale in this layer is
dictated by the inner layer velocity scale in deter-
mining the order of magnitude for the stream
function. Now introducing the outer variables as

Y=Da;"*y, Y=Ra;'"?y, ©@=90

where Y, ¥ and © are of the order of 1 (note ¥ = A, 7,
¥ = Ar¥), transforms governing equations (7) and
(8) into

Prr +17 % = Crrvr + 200 ¥ aery 10 i
®=0
subject to the boundary condition
¥Y,=0 asY— 0.

Also ¥ must match with the inner solution as ¥ — 0.
Here

ny = Da}/®. 7

Expanding ¥ as in equation (14a) with a perturbation
parameter # yields for the leading order

Yorr = Yorrrr- (28)
The boundary conditions are
Wor(x,00) =0 (29)

and ¥, must match with the solution for the inner
layer as Y — 0.

2.2. Constant wall heat flux

Consider the case where a uniform heat flux is
applied to the vertical flat plate. Then by introducing
the same dimensionless quantities and the stream
functions as in Section 2.1 except for

_T-T,

b =40k

it can be shown that governing equations (1)—(3)
reduce to

DaL (‘/’xxxx + waxyy + l/lyyyy)
- (Wxx + !/]yy) = - Ral‘,‘ 0y
l//yex - 'l’xey = exx + Oyy

where Ra} is defined as

(30)
3D

_KgBL%q

Ra} .
‘ XV ke

(32)

The appropriate boundary conditions for this case are
Y=y, =0,+1=0 aty=0
y,—0, 050 asy—co.

The order of magnitude analysis in this case is similar
to that used in Section 2.1. So the final results are
going to be presented without any details and be used
for the perturbation analysis. Note that this case is
also divided into two categories as shown in Fig. 1
depending on the magnitude of Da}/> Ra*'?, which
can be considered as the thickness ratio of the VBL
to that of the TBL. Cases HI and HII will be used to
distinguish one category from the other as in Section
2.1.

2.2.1. Case HI. Ra¥*~Y* » Da}/*.

(1) The outer problem. From the order of magni-
tude analysis

51_ ~ xl/3 Raz—]ﬂ, ll/ ~ x2/3 Raz:l/3,
0~ x"3 Ra¥~ '3,
Hence introducing the outer variables as
Y=Raf'"?y, W=Ra¥ V3, ©=Rqgt"0

where Y, ¥ and © are of the order of 1, transforms
governing equations (30) and (31) into

Yyr+er?¥,,
= Oy +TA(¥Yyrrr +268 Y orr + 68 ¥ ord)
¥,0,—¥.0y = Oyy+6t’0,,
subject to the boundary conditions
¥Y,=0=0 asY¥Y - 0.

Also ¥ and ©® must match with the inner solutions as
Y — 0. Here two parameters are defined as

¢f = Raz~"®, Ty = Da}* Rat">.

(33)

Expanding ¥ and © as in equations (14) with an
expansion parameter I'y yields for the leading order

Worr = Oor €]
Ooyy = \Poy(‘)oX—lPoX@oy- (35

The boundary conditions are
Yoy(x, 0) = @y(x, 0) =0. (36a,b)

Also ¥, and ®, must match with the solutions for the
inner layer as ¥ — 0.

(2) The inner problem. From the order of magni-
tude analysis

Sy ~ Dal’?, ¢ ~x"3Dal/* Ra¥*3,
1/3 -1/3
0 ~ x'3 Ra¥~ 13,
Hence introducing the inner variables as

¥ =Da;"?y, ¥ = Ray**Da;'?y,



670 S. J. KiM and K. VAfral

© = Ra}'" 0

where ¥, ¥ and ® are of the order of 1 (note
Y = ¥/T'y, ¥ = ¥/T'y), transforms governing equa-
tions (30) and (31) into
"Pf’)’+8\2/quX = ®17 + q\l??}’?+28\2’\’{\l.rx??+8c’\ilxxxx
®f’?+8\2/®xx = Iﬂlgl(q:,)"(:)vc _\’{\lx@)")
subject to the boundary conditions
P=¥;,=0, O;=-T, at¥=0

Also ¥ and ® must match with the outer solution as
? - co. Expanding ¥ and @ as in equations (19) with
a perturbation parameter I'y yields for the leading
order
Posr = Oop+Porsrs
Oy = 0.

(37
(3%)
The boundary conditions are

¥ (x,0) = Po5(x,0) = Opp(x,0) = 0. (39a—<)

Also ¥, and ©, must match with the solutions for the
outer layer as ¥ — oo. Even though the boundary
conditions for the leading order inner problem do
not seem to represent the constant wall heat flux con-
dition, we can overcome this difficulty by imposing
the constant heat flux condition at the wall on the
outer solution since for the temperature the composite
solution for the leading order is identical to the outer
solution itself as will be shown later.

2.2.2. Case HII. Ra¥~ "3 « Da}/*.

(1) The inner problem. From the order of magni-
tude analysis

5y ~ x5 Ra,’ffws Da['j's, ¥~ x4 Ra}f”s Da; 1,r5,
0 ~ x5 Ra*~"® Da)/*.
Hence introducing the inner variables as
?=Ra}V3Da; "y, W= Ra}"’Da}'*y,
® = Ra}">Da;'* 0

where ¥, ¥ and © are of the order of 1, transforms
governing equations (30) and (31) into

Op+ Worpr + 217V pr + 1Y o
= A(¥rp+n27P.0)
¥:0.-¥.0; = 6,y +11%0,,
subject to the boundary conditions
P=¥,=0;+1=0 at¥=0.

Also ¥ and ® must match with the outer solution as
Y — oo. Here two parameters are defined as

#t = Rat~"*Da}*, Ay = Rat™"*Da; """

(40)

Expanding ¥ and © as in equations (19) with a per-
turbation parameter Ay yields for the leading order

Opyp+¥osrsr =0 (41)

éof’)" = \ijoi'(:)o.x_@o.v@w- (42)

The boundary conditions are
Fo(x,0) = ¥o5(x,0) = Oy5(x,0)+1 = 0.
(43a—)

Also ¥, and ®, must match with the solutions for the
outer layer as ¥ — 0.

(2) The outer problem. From the order of magni-
tude analysis

3y ~ Da*, W ~ x*° Ra}¥*’ Da)''°.
Hence introducing the outer variables as
Y = Ra¥~ %> Da; "'y

where Y and W are of the order of 1 (note ¥ = Ay Y,
¥ = A,WP), transforms the governing equations into

Y=Da;"%y,

Py + 1% = Prrry + 200 ¥ vy +00 ¥ e
®=0
subject to the boundary conditions
¥Y,=0 asY - 0.

Also ¥ must match with the inner solution as ¥ — 0.
Expanding ¥ as in equation (14a) with a perturbation
parameter ny yields for the leading order

"P()YY = \POYYYY' (44)
The boundary condition is
Wor(x, 0) =0. (45)

Also ¥, must match with the solution for the inner
layer as Y — 0.

3. ANALYSIS AND SOLUTIONS

The procedure of obtaining analytical solutions by
using the modified Oseen method in this section is
similar to that described by Gill [17] to solve the
boundary layer equations for Newtonian fluid con-
vection in an enclosure. More recently this method of
solution was employed successfully by Weber [18],
Bejan [19], and Tong and Subramanian [6] to deal
with free convective heat transfer in porous enclos-
ures. Of engineering importance is the fact that the
overall heat transfer results produced by these analy-
ses agree well with experimental and numerical
heat transfer data as pointed out by Bejan [19]. To
check the validity of using this method for the present
problem, numerical solutions are also obtained
based on the similarity transformation.

3.1. Case T1
For the outer layer equations (15)—(17) are solved
using the modified Oseen method. Inserting equation
(15) into equation (16) gives
Yorrr+¥o,Pory— 0o, For = 0. (46)

This equation is linearized by regarding ¥, and @,
as unknown functions of x, a(x) and b(x), respec-
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tively. Here a(x) and b(x) can be considered as line-
averaged functions at fixed x across the thermal
boundary layer region. This admits a solution of the
following form for equation (46) :

Yoy = Ci(x) e+ Cy(x) &7
where

—ax+(a*+4b)"?
5 .

r,2=

Function b(x) represents the average vertical tem-
perature gradient @, at fixed x inside the TBL. There-
fore, we expect b(x) to be positive since as the cold
fluid rises it warms up gradually. Consequently, the
two roots r,(x), r,(x) are of opposite sign regardless
of the sign of a(x). Boundary condition (17a) is
satisfied only if the positive root is discarded. Thus
the velocity solution is of the form

Woy = A4, (x)e” 1™ 47)

where for reasons soon to be evident, we find it con-
venient to write — 1/a in place of the negative root.

Integrating equation (15) and using equations (17b)
and (47) gives

Yoy =0 = 4,(x)e” ™,
Also the integration of the above equation gives
Y, = —a(x)A4,(x)e” "™ 4 4,(x).

On the other hand, for the inner layer equations
(20)—(22) are easily integrated to yield

O, =1+4;(x)Y
Yo =A,(0)(1=F~e ).

The exponentially growing term is already discarded,
since, with it, the matching cannot be achieved. To
determine 4, A,, 45, and A4,, matching conditions
are used. Matching the outer solutions with the inner
solutions, after rewriting the outer and the inner solu-
tions in terms of the inner and the outer variables
respectively and expanding as I't — 0, gives

A(x)=1, A4,(x)=a(x), A:(x)=0,
Ax) = —1.
Hence
Yo = a(x)[1-e ™), @, =e " (48)
Yo=eT4+7-1, 60,=1 (49)

The only thing that is remaining to complete the solu-
tions is to determine a(x). Inserting equations (48)
into the integral form of energy equation (16) and
solving for a(x) yields

a(x) = 2x'2,

The integration constant is set to zero since @, = 0 at
x = 0. Therefore

W, =2x"[1—e V>, @, =e V=" (50)

Hsu and Cheng [8] presented the same analytical solu-
tion as equations (49) for the inner layer and the
similarity solution for the outer layer. Note that
1, = ¥Y/x"?in equations (50) is the similarity variable
used in ref. [8]. Comparison between the approximate
analytical solution and the similarity solution will be
given in Section 4.

3.2. Case TI1

For the inner layer both the numerical solution
using the similarity transformation and the analytical
solution using the modified Oseen method as for the
outer layer of Case TI can be obtained. For the ana-
lytical solution combining equations (24) and (25)
yields

Porrrrr+ Vo Pororr + 00, Por = 0.

Using the modified Oseen method, the solution is of
the form

4
Wop = T d(x) e~
n=1

where 4, are the roots of the characteristic equation
A—ai’+b=0.

As pointed out in Appendix A of ref. [6], two roots
have positive real parts while the other two have nega-
tive real parts. Since only the roots with positive real
parts will satisfy the matching condition as ¥ — o,
the solution becomes after using equation (26b)

Fop = B (x)(e ™40 —emH)

where 1,(x) and 1,(x) are the roots with positive real
parts. Now assume A, « 4,. This assumption is made
so that the inner velocity will approach a finite func-
tion of x rather than 0. This point can be confirmed
using the similarity solution. Then the inner solution
for the temperature can be approximated as

O, = B,(x)ile%r. (51)

Using equation (26c) gives B,(x) = 1/4%. Then by
letting B(x) = 1/4,(x)

Fop = )T —em ),
B, =c 7D (52)

Matching equations (52) with the outer solution
requires 4, = A, and using the integral form of equa-
tion (25) gives B(x) = (8x/3)"/%. Then for the inner
layer

8 ‘/2[ 1
=|=-x —(1—e&*
[ (3 > AT ( )
- (gx)w(l —e- P/“xﬂ)”‘)],

@0 —e” Pi(8x/ V4

B

(53)

For the outer layer equation (28) is easily integrated.
Using equation (29) together with matching leads to
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8 1/2
¥, = (§x> (1-e7 %), 0,=0. (54)

On the other hand, for the inner layer, the numerical
solution can be obtained using the similarity trans-
formation

) S .
N2 = R s Yo = xVo(2), ©o = goln2).

Then equations (24) and (25) become
gotfo =0
go+ifoga =0

where a prime denotes differentiation with respect to
#,. The appropriate B.C.s are

f6(0) = f4(0) = g,(0)-1=0
fo(20) = fg"(o0) = go(0) = 0.

Three boundary conditions, equations (58), are
obtained from the matching with the outer solutions.
This system of ODE is to be solved numerically using
the fourth-order Runge—Kutta method with shooting
procedures. Comparison between this numerical solu-
tion and the approximate analytical solution will be
made in Section 4.

(55
(56)

(57a—)
(58a—c)

3.3. Case HI

For the outer layer using the modified Oseen
method as in Case TI the solutions for equations (34)
and (35) satisfying equations (36) are of the form

Yoy =0y = C (x)e” "™,

On the other hand for the inner layer the integration
of equations (37) and (38) along with equations (39)
gives

Py= ) T+Y-1), ©,=Cix).
From matching we have
Ci(x) = Cy(x) = C3(x).
Hence
¥, =C(0)E T+7-1), O,=C(x.

Now the condition of constant heat flux at the wall
can be imposed on the outer solution since for the
temperature the composite solution which is uni-
formly valid throughout the domain is equivalent to
the outer solution. In other words imposing

Oyy(x,0) = —1

gives C,(x) = y(x). By doing this we can resolve such
a problem that in equation (39¢c) the constant heat
flux condition at the wall seems to play no role for the
leading order solution.

The only unknown, y(x), can be determined using
the integral form of the energy equation, equation
(35), as in Case TL

Then the outer solutions are

\IJO - (2X)2'/3(1 —e~ Y,’(Z,v.j‘ })‘

@y = (2x)"e V0T (59)
and the inner solutions are
¥, =02x)"3 € T+7-1), O,=02x)" (60)

On the other hand, for the outer layer, we can get
the numerical solution using the similarity trans-
formation

Y

L= RN Yo =x"Fo(1), 0, =x"Go(().

Then equations (34) and (35) become
Fi=0Gy
0= %F/oGo‘ %FoGlo

(61)
(62)

where a prime denotes differentiation with respect to
{,. The boundary conditions are

Fo(0) = G4(0)+1=0
F(o0) = Go(0) = 0.

(63a,b)
(64a, b)

Two boundary conditions, equations (63), are
obtained from the matching with the inner solutions.

3.4. Case HII
Following the procedure similar to that for Case
TII yields for the inner layer

H

¥, = (2x)3/5[Al(1 —e M)

—2x)V5(1—e ?/(z)c)"-‘)]’ (:)0 = (2x) 1/5 o= Fi(2x)!4?
(65)

and for the outer layer
Y, =Qx)¥e ",

®, =0. (66)

On the other hand, for the inner layer, we can get
the numerical solution using the similarity trans-
formation

¥, = XA‘/SJTO(Cz)a 0, = xGo(C5).

Then equations (41) and (42) become
o+ for =0
g/(; = ’;]/ogo_ is‘.foglo-

Here a prime denotes differentiation with respect to
{,. The appropriate B.C.s are

Jo0) = 75(0) = g0 +1=0
5(0)(00) = f¢"(20) = go(e0) = 0.

Three boundary conditions, equations (70), are
obtained from the matching with the outer solutions.

(67)
(6%)

(69a—)
(70a—)
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F1G. 2. Comparison between the analytical and numerical
velocity distribution for Case TI, I'tx~ Y% = 0.3.

4. RESULTS AND DISCUSSION

Composite solutions which are uniformly valid can
be constructed by adding the inner and outer solutions
and subtracting the common parts for stream function
and temperature. From the results of the previous
section, it is possible to get two different composite
solutions depending on the method used. For example
for the outer layer of Case TI, the modified Oseen
method was used to get the analytical solution and
the similarity transformation was used to obtain the
numerical solution. To clarify this, the composite
solutions for the former will be denoted as the ana-
lytical composite solutions and those for the latter will
be denoted as the numerical composite solutions. In
this section two different composite solutions for each
of the streamwise velocity and the temperature will be
given. Then the analytical composite solutions will be
compared with the numerical composite solutions to
check the validity of using the modified Oseen method
for the present problem.

4.1. Case T1

From equations (49) and (50) the analytical com-
posite solutions for the vertical velocity and the tem-
perature can be written as

L
f, = e (71b)

where n, = Y/x'/?is the similarity variable used in the
numerical solution and I'yx~ "2 is a parameter which
can be considered as the local thickness ratio of the
VBL to that of the TBL. Equation (71a) for
I'tx~"? = 0.3 is presented in Fig. 2 along with the
numerical solution in ref. [8). Here the parameter
Trx~'? represents the relative magnitude of the
boundary effect; when I'x~ 2 = 0 the solutions are
identical to those based on Darcy’s law where the
viscous effects on the impermeable boundary are

HMT 32:4-D

[Re)

Analytical

o.8|- ————~ Numerical

o4 \

o2r \

00 25 50 75 10.0

FiG. 3. Comparison between the analytical and numerical
temperature distribution for Case TI.

neglected. Also equation (71b) is presented in Fig. 3
along with the numerical solution in ref. [8]. As shown
in Figs. 2 and 3 the agreement between analytical and
numerical solutions is quite good, which confirms the
use of the modified Oseen method to solve the natural
convection problem about a vertical flat plate em-
bedded in a porous medium.

4.2. Case TII

From equations (53) and (54) the analytical com-
posite solutions for the vertical velocity and tem-
perature can be written as

uC
Ral? Da;'?

8 1/2 1/4 1/4.
= (§x> [e~@r My _ g —naf(81H)" 1 (72a)

6, = e mIE" (72b)

where 77, = P/x"*is the similarity variable used in the

numerical solution and Arx'* is a parameter which
can be considered as the local thickness ratio of the
TBL to that of the VBL. On the other hand, the
numerical composite solutions for the vertical velocity
and temperature can be written as

24

R e = A () e 1)

—fo()] (73a)

0. = go(112). (73b)

For comparison equations (72a) and (73a) are plotted
in Fig. 4 for Ax"*=0.3. Again the agreement
between analytical and numerical solutions is good
and as the local thick ratio Arx"* increases the differ-
ence between two solutions for the vertical velocity is
reduced. Hence for a fixed value of x, the agreement

is improved as Ay is increased.
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F1G. 4. Comparison between the analytical and numerical
velocity distribution for Case TII, Arx'* = 0.3,

4.3. Case HI

From equations (59) and (60) the analytical com-
posite solutions for the vertical velocity and tem-
perature can be written as

Ra—u:z/s = (20"fe~0" —e=STw ] (T4a)
L

b 13 o—(,/2'
iy = (2x) e (74b)
Rar~— '3

where {, = Y/x'/? is the similarity variable used in the
numerical solution and IT'yx~ "3 is a parameter that
can be considered as the local thickness ratio of the
VBL to that of the TBL. On the other hand the
numerical composite solutions for the vertical velocity
and temperature can be written as

rowrs = XVIFoC )~ Fo@) e ™) (75a)
L

= x"3Go({)). (75b)

C
Ra— 13

For comparison equations (74a) and (75a) are pre-
sented in Fig. 5 for I'yx~ '3 = 0.2 and equations (74b)

1.0

Analytical
————Numerical

*2/3
u./Raj

FiG. 5. Comparison between the analytical and numerical
velocity distribution for Case HI, T'yx~"* = 0.2.
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F16. 6. Comparison between the analytical and numerical
temperature distribution for Case HI.

and (75b) are presented in Fig. 6. The agreement
between analytical and numerical solutions is quite
good as shown in these figures.

4.4. Case HII

From equations (65) and (66) the analytical com-
posite solutions for the vertical velocity and tem-
perature can be written as

© — 3/5 [a— (Ayx "' —{,/2"7%
Ra¥™ Da= 7 = (2x) Y3 e~ B gt 1 (76a)
b,

s
e (x)VSe—ti?
Rap 7 Dap® ~ Y

(76b)
where {, = ¥/x'/? is the similarity variable used in the
numerical solution and Ayx'® is a parameter which
can be considered as the local thickness ratio of the
TBL to that of the VBL. On the other hand, the
numerical composite solutions for the vertical velocity
and temperature can be written as

uc 4 _ Xl 5
W: x3/5[i’0(w){e (Ay /)52_1}
+/o0)] (77)
69 1/5
W =X 90(C2)~ (77b)

For comparison equations (76a) and (77a) are plotted
in Fig. 7 for Azx"* = 0.2.

From Figs. 2-7 it is noted that the no-slip boundary
conditions have a drastic effect on the vertical velocity
while these have little effect on the temperature field
for the leading order as pointed out in ref. [8]. Also
from Fig. 8 it can be concluded that for Cases TI and
HI the maximum vertical velocity decreases from the
slip velocity (using the Darcy model) as the local
thickness ratio of the VBL to that of the TBL is
increased from zero, and that the distance from the
wall at which the vertical velocity has its maximum
value increases with the value of this local thickness
ratio. This local thickness ratio for these two cases
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-——=—=Numerical

o8k

F1G. 7. Comparison between the analytical and numerical
velocity distribution for Case HII, Agx"® = 0.2.

can be considered as the boundary parameter which
was defined in refs. [8, 9], since for zero values of these
parameters the results reduce to those based on the
Darcy formulation and the viscous effect of the
boundary increases with this parameter. On the other
hand, for Cases TII and HII the maximum vertical
velocity and the distance from the wall to which the
fluid is affected by natural convection decrease as the
local thickness ratio of the TBL to that of the VBL is
increased, as shown in Fig. 9.

The most important result to be given is an
expression for heat transfer. This can be presented
conveniently by introducing the local Nusselt number

x  00.(x,0)
 0(x,0) dy

The calculated values of the local Nusselt number for
each case are presented in Table 1. Note that for Cases
TI and HI, the Nusselt number depends only on the
modified Rayleigh number. For Cases TII and HII,
however, the Nusselt number depends on the Darcy
number as well as the modified Rayleigh number. Also
note that for Cases TI and HI the rate of heat transfer

Nu, =

[Re]

Tx-'1=0, 0

os

06

uC/RaL

04

o.2F

1
00 25 50 7.5 100
n,

Fic. 8. Effects of the local thickness ratio on the vertical
velocity for Case TI.
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FiGg. 9. Effects of the local thickness ratio on the vertical
velocity for Case HIIL

depends on the permeability of the porous medium,
while for Cases TII and HII the rate of heat transfer
is independent of the permeability -of the porous
medium, since the division of the modified Rayleigh
number by the Darcy number results in the product
of the Rayleigh number and the porosity. This result
is very interesting and of physical importance. This
finding can be inferred from equation (2) since the
permeability of the porous medium does not appear
explicitly if there is a balance between the boundary
friction force and the buoyancy force. Hence it can be
concluded that when the thickness of the VBL is much
larger than that of the TBL, the heat transfer
characteristics resemble those of the regular fluid with
a large Prandtl number. This is because the Brinkman
equation reduces to the Navier-Stokes equation as
the permeability K — oo, while it reduces to the Darcy
equation as K — 0. Also, it is shown from the numeri-
cal solutions that the Nusselt numbers for Cases TI
and HI are identical to those based on the Darcy flow
model and the heat transfer rates for Cases TII and
HII are very similar to those for a regular fluid of high
Prandtl number. The only difference lies in that for
Cases TII and HII the Rayleigh number is to be mul-
tiplied by the porosity in the expression for the Nusselt
number. (See ref. [20] for numerical values for each
case.) Finally, it is noticed that the analytical solution
based on the modified Oseen method overpredicts
the Nusselt number, which is inherent in this type of
approach as pointed out in ref. [21].

Table 1. The local Nusselt number

Nu, from Nu, from

analytical numerical
Case solution solution
TI 0.5000Ra."? 0.4438Ra,®

TII  0.7825Da; V' Ral/*
HI  0.7937Ra*!?
HII  0.8706Da; V5 Ra*"'

0.5027Da; V'* Ral'*
0.7715Ra*'?
0.6316Da-"* Rat"’s
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5. CONCLUSION

The significance of the boundary effect on natural
convection from a heated vertical plate embedded in
a fluid-saturated porous medium has been thoroughly
investigated. Consideration was given to flows which
exhibit boundary layer characteristics for the constant
wall temperature case and for the constant wall heat
flux case. The method of matched asymptotic expan-
sions was used to obtain the analytical solutions for
both the velocity and the temperature fields. The full
numerical solutions of all cases were also presented.
For the case where the thickness of the thermal bound-
ary layer is larger than that of the viscous boundary
layer, the rate of heat transfer was found to depend
only on the modified Rayleigh number. On the other
hand for the case where the thickness of the viscous
boundary layer is larger than that of the thermal
boundary layer, the case which has never been con-
sidered before, the Nusselt number was found to
depend on the product of the Rayleigh number and
the porosity and to be independent of the permeability
of the porous medium. Also, it was shown that for the
latter case the heat transfer characteristics approach
those of the regular fluid with a high Prandtl number.
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ANALYSE DE LA CONVECTION NATURELLE CONTRE UNE PLAQUE VERTICALE
NOYEE DANS UN MILIEU POREUX

Résumé-—L’écoulement de convection naturelle et le transfert thermique autour d’une plaque plane verticale
noyée dans un milieu poreux sont analysés dans deux cas généraux, celui de la température pariétale
uniforme et celui du flux pariétal uniforme. Par une analyse d’ordre de grandeur, on montre qu’il y a deux
paramétres adimensionnels qui sont reliés aux effets thermiques et de viscosité: Ra; /2 et Da}’ pour le cas
de la température constante et Ra¥~'/? et Da}/? pour le flux constant. Dans chaque cas, ces catégories sont

physiquement reliées soit 4 Da}/? « Ra; V? (Da}* < Ra

*—1/3
L

pour le flux constant) soit 4 Da)’? » Raj ''*

(Da}’* » Ra*~ ' pour le flux constant). Ces équations sont résolues analytiquement par la méthode des
développements asymptotiques avec la méthode modifiée d’Oseen. La solution numérique est obtenue aussi
pour les équations, a partir de transformations affines. On trouve que le transfert thermique dépend du

nombre de Rayleigh modifié pour Da}’*> « Ra; “? (ou Da

1/2

12 « Ra¥*~'?) tandis que le nombre de Nusselt

dépend du produit du nombre de Rayleigh par la porosité pour Da}/> » Rar '? (ou Da}/? > Ra¥~"?). Les

caractéristiques de transfert thermique sont indépendantes de la perméabilite du milieu poreux et elles

approchent celles du fluide régulier 4 grand nombre de Prandtl. Une description physique compléte du
probléme est présentée a travers I’analyse.
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UNTERSUCHUNG DER NATURLICHEN KONVEKTION AN EINER SENKRECHTEN
PLATTE IN EINEM POROSEN MEDIUM

Zusammenfassung—Die Auftriebsstrémung und der Wirmeiibergang an einer senkrechten ebenen Platte
in einem pordsen Medium wurden fiir den Fall konstanter Wandtemperatur und fiir den Fall konstanten
Wirmestroms detailliert untersucht. Durch eine Abschitzung der GréBenordnung wird gezeigt, dall zwei
dimensionslose Parameter die thermischen und viskosen Vorginge im wesentlichen beschreiben. Es sind
dies Ra; 2 und Da}? im Fall konstanter Wandtemperatur und Ra}~"* und Da}/? im Fall konstanten
Wairmestroms. Fiir beide Fiille werden zwei wichtige Bereiche betrachtet. Bei konstanter Wandtemperatur
sind die Bereiche entweder durch Da)/? « Raj ' oder durch Da}/* » Raj '/ beschrieben. Bei konstantem
Wirmestrom sind es entsprechend Da}/? « Ra%~"* und Da}’* » Ra%~"*. Die Gleichungen wurden analy-
tisch mit Hilfe der angepaBten asymptotischen Entwicklung gel6st unter Verwendung der modifizierten
Oseen-Methode. Eine numerische Losung auf der Grundlage der Ahnlichkeitstransformation wurde eben-
falls ermittelt. Das Wirmeiibertragungsvermogen héingt von der modifizierten Rayleigh-Zahl ab, wenn

Dal’* « Ra;"* (bzw. Da}'? « Ra%~'"?), wihrend die Nusselt-Zahl vom Produkt aus Rayleigh-Zahl und
Porositit abhingt, wenn Da)/2 » Ra; "2 (bzw. Da}/* » Ra%~'?) ist. Die Warmeiibergangseigenschaften im
letzteren Fall sind unabhingig von der Permeabilitit des pordsen Mediums und kommen denen eines
normalen Fluids mit hoher Prandtl-Zahl nahe. Eine vollstindige Beschreibung des Problems wird im Laufe

der Untersuchung vorgestellt.

AHAJIU3 ECTECTBEHHOM KOHBEKIIMHM OT INOMEIEHHOM B MOPUCTYIO CPEJY
BEPTUKAJIBHO! TJIACTHHBI

Ammoramss— {51 1ByX o6IUMX CiiyuaeB, a MMEHHO, OCTOAHHOH TeMIEpaTypH CTEHKH M MOCTOAHHOM
IIOTHOCTH TEIJIOBOTO MOTOKA HAa CTEHKE, AETAIbHO aHANH3HPYIOTCS CBOGOIHOKOHBEKTHBHOE TEYeHHE
KMAKOCTH M TEIUIOOTAAYa OT BEPTHKAJIbHOM IUIOCKOM IUIACTHHEI, MOMEILEHHOH B MOPHCTYIO Cpeay.
AHAJH3 TOPAIKA BEJMYHH MOKA3aJl, YTO CYLIECTBYIOT B4 OMpelensowux Ge3pasMepHBIX MapaMeTpa,
CBS3AHHBIX C TEILIOBBIMH M BA3KOCTHBIMH 3(dekTaMn. DTHMH napaMeTpamu apisiorcs Ra; V¢ u Dal'?
15 cyvas MOCTOSHHON Temmepatypsl ¥ Ra?~'® u Dal/? nns nocTosHHON IUIOTHOCTH TEILTOBOTO
NOTOKA HA CTeHKe. B KaxXI0M ciy4ae paccMOTPeHBI ABe BaxKHble CuTyauuy. [Ipn mocTosHHOMN TeMmnepa-
Type ctenkn 3to Da}’? < Raj V*(Da}’* < Ra!™'/%) ans NOCTOSHHOM IUIOTHOCTH TEILUIOBOrO NOTOKA Ha
crenxe) unn Da}'? » Ra; V'*(Da}’* » Ra¥~'°). Onpenensioline ypaBHeHHs PEIIAIOTCA AHATHTHYECKH
METOIOM CpAILMBAEMBIX ACHMIITOTHYECKHX PA3NIOKEHHHA COBMECTHO ¢ MOMUMDHUMPOBAHHBIM METOIOM
Oseena. ITonydeHO Takke YHMCIEHHOE DelLIEHHE ONMpEXESIOMMX YypaBHeHHH, MpeoGpa3oBaHHBIX C
nomousio MeTona noxobus. HalizeHo, 4To x03pdULMEHT Teru100TAa4H 3aBHCHT OT MOMH(HLUKPOBAH-
Horo uncna Panes nns Da}/? < Rap '/ (wm Da}/? < Ra?~1/%), a uncno HyccenbTa 3aBHCHT OT IPOH3Be-
AeHus wucia Panes u nmopuctoctn cpeast Ans Dal/? » Rap */? (wm Dal/? » Ra}~'73). ToxasaHo, 4TO B
noc/eIHEM Cllydae XapaKTEPHCTHKH TEILTOMEPEHOCA He 3BUCAT OT NMPOHHLIAEMOCTH MOPHCTOM Cpembl i
NpubIMKAIOTCS K XapaKTePUCTHKaM Ui OGBIMHON XMIOKOCTH ¢ BhICOKMM unciaom Ilpamarns. Haxo
noHoe GU3HYECKOE ONUCAHNME 33HaUH.
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